The aerodynamics of Vertical Axis Wind Turbines (VAWT's) is more complex than their horizontal axis counterparts. In addition, the range of 3-D shapes possible with VAWT's is enormous. These reasons highlight the need of better analytical tools for the analysis of VAWT's. The current paper discusses a general form of Double Multiple Stream Tube Theory (DMST) that can be applied for the analysis of any general shaped VAWT. A method of defining the shape of even the most complex shaped VAWT is introduced whereby just by varying certain coefficient's any shape can be generated. The modifications to DMST theory and its most general form based on the shape definition is discussed which can be implemented in algorithms for developing computer programs to predict the output of VAWT's closely.
Introduction
Among the renewable sources of energy, wind energy converters (wind turbines) take the top spot. Wind turbines are primarily classified as either Horizontal axis wind turbines (HAWT) or Vertical axis wind turbines (VAWT) depending on the orientation of the axis around which it rotates. HAWT's are the most efficient type and has thus received greater attention and research leading to its use in large scale. However, VAWT's have been receiving renewed interest during the past decade, primarily due their ability to get easily integrated in to the urban environment.
The complexity of shapes possible with VAWT's is enormous when compared with HAWT's. However, studies on VAWT's have been mostly focused on straight bladed types barring some private sector companies who manufacture Complex shaped VAWT's. Even those studies are seldom focused on a general shape and are mostly limited to a particular shape which is under consideration. Current study is focused on a general shape which is built by a general shape definition. Table 1 gives the list of nomenclatures used in this report.
Defining the most general shape
The complexity of 3-D shapes possible with VAWT's is enormous. Independent studies have been carried out on lot of different shapes and their efficiencies documented. However, there has not been a tantamount of study where efficiency of an arbitrary shape is being compared to efficiency of a totally different shape with the other parameters remaining constant. For the same, the question arises; is there a general platform though which we can define and generate any arbitrary shape? The answer to the question is yes but to a certain extend. In this section, a general formula to define any arbitrarily shaped VAWT is being discussed. For the same, readers are being introduced first to a certain way of defining global and local co-ordinates for the blade which would be used in arriving at the general formula. Consider an arbitrarily shaped three bladed VAWT as shown in fig. 1 . For our formulations, we are defining a plane called "middle plane" which passes through the mid height of the blades and parallel to the ground surface. The global coordinate system is a cylindrical system identified by coordinates R, & Z and will be called as R--Z system. Its origin is at the geometric center of the rotor path located on the middle plane. In other words, the origin of the coordinate system is at the intersection of the central pole and the middle plane ( fig. 1 ). R at any height is measured as the horizontal projection of line drawn from the origin of R--Z system to the aerodynamic centre of the aerofoil section at that height. is measured as the horizontal angle measured between the radial line of aerofoil at the desired height and that between radial line drawn at middle plane aerofoil section. The figure shows a section passing through the middle plane (Red color) and another section passing through the VAWT at an arbitrary height "h" (Blue color).
b. Defining local coordinates
Consider two blown up images of the aerofoil ( fig. 2 ). The local co-coordinate system defined as roll-pitch-yaw system as shown in fig. 2 has been developed. The system is named after the rolling, pitching and yawing action of the flight that is commonly referred to and used in aircraft industry (also used in offshore industry, transportation industry, etc). The angles corresponding to roll, pitch & yaw would be referred as , and and thus would be termed as the --system. As evident through the figure; (h), (h) and (h) are the rotational positions of the aerofoil section at height "h" about the axis , and respectively. The origin of the co-ordinate system is at the aerodynamic center of the aerofoil (hence varies with height for an irregular shaped aerofoil). In the figures, the authors have taken the liberty of defining "aerodynamic center" of the aerofoil at 25% of the chord length which is an established fact for NACA aerofoil's except for variations in certain shapes (Eastman N et. al 1935 , Ira H et. al 1945 
c. Defining aerofoil profile
The performance of a VAWT or any wind turbine in general depends on its efficiency to convert wind energy to usable power. Since the very essence of wind turbine efficiency lie on its blades; it is therefore very essential to have a good aerofoil shape that will maximize output of the wind turbine. Aerofoil shapes also feature in other more important fields like aerospace and thus a formal academic approach to identifying efficient shapes is required. Shapes which once tested and certified could guarantee a certain level of performance in the specific application. A US based organization called NACA (National Advisory Committee for Aeronautics) have been involved in extensive research and experimentation on aerofoil shapes as early as 1930's and have thus come up with a set of very efficient shapes (Eastman N et. al 1935 , Ira H et. al 1945 which is commonly known as NACA 4 digit series.
For arriving at the geometry of the NACA series aerofoil's the set of coordinates required to define the points on the aerofoil (x U ,y U) and (x L ,y L ) are given as:
Where subscripts U and L stands for upper and lower aerofoil surfaces respectively, and (4) 
It can be clearly seen from the equations that the parameters that define the exact shape of the airfoil are t, m and p and thus forms the basis of deriving the names of the NACA 4 digit series profiles. The chord length, c itself is a parameter which directly relates to the area of the aerofoil. For additional clarity on these parameters, they are graphically defined on a general aerofoil and depicted in fig. 3 . 
Here; 0 , 1 , 2 , 3 , 4 , 5 , etc are arbitrary constants. A change in any one constant itself can result in a change in shape of the VAWT. The severity of geometric difference depends on the type of parameter and the amount of variation. For instance, a small change in 0 may not result in a big change in the overall shape. However, a corresponding change in 5 may have greater impact as it is directly multiplied with h 5 .
With respect to the airfoil shape related parameters defined in Table 2 (last four rows  of the table) ; as evident, they have been defined assuming the aerofoil shape to be of NACA profile. However, in practice a VAWT may have a shape different from the NACA profile. The key here is to construct a diagram similar to fig. 3 for the aerofoil shape under question. That will help to determine the number of controlling parameters for the aerofoil shape which can be varied as a function of height (as in Table. 2) to bring up the complete 3-D shape of the VAWT.
Double Multiple Streamtube theory
Universally valid analytical models that can predict the output for VAWT's with reasonable accuracy have been limited when compared with HAWT's. A good summary of the analytical models developed in the past has been explained in (Mazharul Islam et. al 2008) . In general, the computational models have been classified under three categories: Momentum model, vortex model and cascade model. Among these models momentum model is the most prominent one and the one that is being researched in to the most. Momentum model was first introduced as single streamtube theory which evolved in to multiple streamtube theory which further evolved in to double-multiple streamtube theory with increased accuracy achieved on every revision. Fig. 4 shows the evolution of streamtube theory. Double multiple streamtube theory (DMST) is being attributed to Paraschivoiu (Paraschivoiu I, 2002) , who devised the theory as early as 1980's. The theory thus has been used widely (Shuangqing Tang et. al 2011 , Habtamu Beri et. al 2009 . The double multiple streamtube theory has also been validated experimentally (Radu Bog eanu 2010). The streamtube theory models as depicted in fig. 4 are applicable to straight bladed VAWT's with wind velocity remaining constant along the height. In other words, these models work fine as long as there is no variation of parameters along the height direction. Bulk of the studies on VAWT's are focused on straight bladed types (Shuangqing Tang et. al 2011 , Habtamu Beri et. al 2009 , Radu Bog eanu 2010 . One advantage with this approach is that; it relieves us from the need to consider the variation of parameters along height of the VAWT.
However, in general the VAWT can be of any 3-D complex shape (as is the focus of this study) and moreover, the height of the VAWT can also be large enough to cause a sufficient variation of wind related parameters along its height. In this case, additional streamtubes in the height direction also has to be considered to account for variation of parameters along this direction as explained in (N.C. Batista et. al 2012) . The concept of dividing the VAWT in to vertical streamtubes is shown pictorially in fig. 5 .
The analysis method discussed in the current paper nicely complements and adds beauty to the approach discussed in (N.C. Batista et. al 2012) as it is applied on a general shape definition which means that once the algorithm / computer program is set-up for the general case, it can be used for the analysis of blades of any shape. As with deciding the number of streamtubes in planar direction, the number of streamtubes in the vertical direction too is determined by a finite element type of an approach wherein the VAWT is divided in to N elements with each element analyzed as a conventional straight bladed VAWT. The resulting power co-efficient is calculated. The calculation is repeated again assuming the VAWT to be divided in to N + 1 element. If the power coefficient calculated with N elements and N+1 elements are within the desired accuracy limit, then the calculation is stopped and the resulting power coefficient calculated for the (N+1) th iteration is taken as the answer. Otherwise, the calculation is repeated taking N+2 elements until convergence is attained. Hence, based on this we can say that each of the aerofoil sections of Fig. 6 is arrived as a component of the actual aerofoil shape defined by Table 2 . Another way of looking at it is that we can define the exact geometry, shape and orientation of the aerofoil cut at any height "h" without even drawing the actual geometry. This is very advantageous from a programming point of view in developing a very general algorithm.
DMST steps for algorithm
As explained in the previous section there would be streamtubes both in the planar direction as well as height direction. The number of streamtubes in each direction has to be arrived at after looking to if the solution has converged or not. The process is repeated until convergence is reached.
Since our general shape definition explained in section 1 has out of plane components ( and ) , for the conversion of 3-D problem in to 2-D (as explained in the previous section), we would have to account for the effect of out-of-plane angles, and by taking the components of these angles in the planar section. The effect of taking the horizontal projecting of these angles on the shape parameters will be on chord length of the aerofoil, maximum thickness of the aerofoil & maximum camber of the aerofoil and are given by the following formulas. 
Based on the number of streamtubes along the height direction, the shape parameters corresponding to each of the streamtube (as per Table 2 ) is arrived at by substituting the value of height "h" corresponding to the mid height of each streamtube. With reference to fig. 7 , the shape parameters corresponding to the four stream tubes could be obtained by substituting the values of h 1 , h 2 , h 3 & h 4 in place of shape definition of Table 2 . Thereafter the calculations steps as outlined through equations 10 to 19 are carried out for the set of all horizontal and vertical streamtubes for arriving at the power coefficient for the VAWT.
Assume, induction factor for the streamtube. The relative velocity of wind that is hitting the VAWT blades is given by:
Angle of attack which gets modified by the combined effect of rotation of the VAWT and wind velocity can be calculated by:
Based on the relative velocity, Reynolds Number of flow can be calculated by the formula:
Now, lift and drag coefficients are a function of Re, and shape of aerofoil. Here, the parameters that define the shape should be arrived at considering the modifications given in equations 6 to 8. Here is the tricky part; if the shape gets modified as per equations 6 to 8, then it could become a non-standard NACA shape. 
Where A (area of the NACA aerofoil profile) can be obtained by integrating the equations for y u & y l from equations 1 & 2 with respect to elemental length in the x-direction. Before integration, the modified values of chord length, maximum thickness & maximum slope as given in equations 6, 7 & 8 should be considered.
Based on lift & drag forces, the forces acting along the tangential direction of the aerofoil is given as
Average thrust coefficient can be found out using the formula
The ideal power coefficient is given by,
Average power coefficient can be found out by summing the values for each streamtube,
Therefore, the power coefficient of the VAWT can be obtained as per equation 19 by carrying out the summation of values for streamtubes in both planar & height directions.
Conclusions
A general approach for the analysis of VAWT's of any general shape has been presented that lends itself well to an easily programmable algorithm. A method of defining the most general shape which nicely compliments this algorithmic approach has been discussed.
